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Osmotic pressure of matter and vacuum energy 
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The walls of the box which contains matter represent a membrane that allows the relativistic quantum 
vacuum to pass but not matter. That is why the pressure of matter in the box may be considered as the 
analog of the osmotic pressure. However, we demonstrate that the osmotic pressure of matter is modified due 
to interaction of matter with vacuum. This interaction induces the nonzero negative vacuum pressure inside 
the box, as a result the measured osmotic pressure becomes smaller than the matter pressure. As distinct 
from the Casimir effect, this induced vacuum pressure is the bulk effect and does not depend on the size of 
the box. This effect dominates in the thermodynamic limit of the infinite volume of the box. Analog of this 
effect has been observed in the dilute solution of 3 He in liquid 4 He, where the superfluid 4 He plays the role of 
the non-relativistic quantum vacuum, and 3 He atoms play the role of matter. 



1. INTRODUCTION 

In q-theory, the relativistic quantum vacuum is con- 
sidered as a self-sustained medium [TJ [2] . This medium 
is described by the variable q, which is a conserved 
quantity analogous to particle density n in condensed 
matter, but as distinct from n the vacuum 'density' 
q is the relativistic invariant quantity. The vacuum 
medium obeys the thermodynamic Gibbs-Duhem rela- 
tion e vac (q) — fxq = —P vac , where e vac (q) is the vacuum 
energy density and fi is the vacuum chemical potential 
the variable which is thermodynamically conjugate 
to q. Dynamical equation for q demonstrates that q 
gives rise to the cosmological term in the Einstein equa- 
tions of general relativity with cosmological "constant" 
A = e V ac~ = ~Pv&c [2]. The self sustained property of 
the quantum vacuum provides a natural nullification of 
the cosmological constant in equilibrium due to a self- 
adjustment mechanism: the vacuum variable is auto- 
matically self-tuned to nullify in equilibrium any con- 
tribution to the vacuum energy from different quantum 
fields. Dynamical equations also demonstrate how the 
cosmological 'constant' relaxes from its original Planck 
scale value in the non-equilibrium vacuum to the zero 
value in the final equilibrium state [.'? . This provides the 
natural solution of the cosmological constant problem. 

Till now we considered the homogeneous in space 
vacuum states, which were relevant for the homogeneous 
and isotropic Universe. Now we shall discuss the case, 
when the vacuum variable q may vary in space. This 
occurs when matter (say, cold atomic gas) is confined in 
the box with non-penetrable walls. All the known walls 
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which may confine matter, are however permeable for 
the vacuum. Thus the walls of the box which contains 
matter represent a semipermeable membrane that al- 
lows the vacuum (analog of solvent - water) to pass but 
not matter (analog of solute). The pressure of matter 
in the box becomes equivalent to the osmotic pressure 
- pressure that must be applied to a solution to prevent 
the inward flow of water. 

In equilibrium, the chemical potential /i of the vac- 
uum substance must be the same inside and outside the 
wall, while the values of the vacuum variable q are differ- 
ent because of interaction between vacuum and matter 
inside the box. As a result, the total (osmotic) pressure 
of the gas inside the box is modified due to the vacuum: 
the negative vacuum pressure is added to the pressure 
of matter. 

This mechanism is of the thermodynamic origin and 
does not depend on whether the vacuum is relativistic 
or not. That is why it is also applicable to condensed 
matter systems, in particular to a dilute solution of 3 He 
in superfluid 4 He at zero temperature. In this system, 
superfluid 4 He at T = plays the role of the non- 
relativistic quantum vacuum, and the gas of the 3 He 
quasiparticles plays the role of matter. The negative 
contribution of the 'vacuum' to the osmotic pressure of 
3 He is given by the same equation (fit))) as for matter in 
the relativistic vacuum, but the vacuum compressibility 
(fTTjl introduced in [TJ is substituted by the compress- 
ibility of liquid 4 He. This negative contribution to the 
osmotic pressure of 3 He in liquid 4 He has been experi- 
mentally measured. 
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2. CORRECTION TO MATTER PRESSURE 
DUE TO VACUUM 

Let us consider the box, which contains matter with 
a particle density n, say a cold gas (Fig. Q] top). The 
total energy density of matter and vacuum is 



e(n,q) 



; (<?) +e ma t(n, q) 



(1) 



where e va c(<7) is vacuum energy, i.e. the energy density 
in the absence of matter: 

evac(g) = e(n = 0, q) , e mat (n, q) = e(n, q)-e{n = 0, q) , 

(2) 

and we take into account that the parameters of mat- 
ter and thus the energy density of matter e mat depend 
on the vacuum state and vacuum variable q. The vac- 
uum pressure is determined by Gibbs-Duhem thermo- 
dynamic relation pQ: 



P va ,c(q) 



z(q) +m> 



(3) 



where fj, is the chemical potential in thermodynamics, 
and the integration constant in dynamics [3J; the ther- 
modynamic potential e V ac(<7) = £v&c(q) — l^q enters Ein- 
stein equations as cosmological constant, A = e V ac(<?) 
[3J. Outside of the box, where matter is absent, the 
value of q = qo in the equilibrium self-sustained vacuum 
is determined by the zero pressure condition: 

<fevac(<?) 



p 



external 



:(<?0 



9o - 



dq 



0. 



'/ii 



(4) 



Since vacuum penetrates the walls of the box, its chem- 
ical potential /i = de/dq\ n must be the same across the 
wall. This gives the condition: 



/i = constant = 



de vac (q) 



dq 



de vac (q) de mat (n,q) 



II o 



dq 



dq 



in 



(5) 

where q\ is the equilibrium value of q inside the box, 
which is determined by ([5]). For small deviations 
\qi — qo\ *C qo, equation (J5j) gives: 



(<7i - %)■ 



de mat (n,q) 



(6) 



dq 2 qo dq 

Let us find the pressure inside the box. The conven- 
tional pressure of matter is 

de mat (n,qi) 



fmat = -emat(n,gi)+A/matn = -e mat (n, qi)+n- 



dn 
(7) 

However, the pressure inside the box, which is the ana- 
log of the osmotic pressure of matter, differs from mat- 
ter pressure due to the modified vacuum pressure. The 
total pressure inside the box is 



-e(n, qi) + fiqi + /imatH = Pv. 



:.(gi) + Pmat ■ 

(8) 



vacuum + matter 
with particle density 
n 



P = p + p 

osm mat vac 



<?=<?! 
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^He atoms 
with particle density 


superleak 


liquid ^He 
"3 = 


"3 

in liquid 4 He 








^4 = 


^osm = P 3 + P 4 







Osmotic pressure of matter in the vacuum and its con- 
densed matter analog. In both cases the negative con- 
tribution to osmotic pressure is given by 1)100 . 
Top: matter inside the box. Vacuum may penetrate 
the walls of the box, and thus the vacuum chemical po- 
tential jj, is the same inside and outside the box. The 
pressure of matter inside the box (analog of osmotic 
pressure) is reduced, P OS m < Pmat, due to the nega- 
tive contribution of the vacuum pressure, P va , c (qi) < 0, 
which is induced by interaction of vacuum with matter. 
Bottom: dilute solution of 3 He atoms in liquid 4 He in 
the left box is connected by superleak to the right box 
with pure liquid 4 He. Superfluid 4 He plays the role of 
the vacuum, which is disturbed by matter - by 3 He 
atoms - inside the left box. Superfluid 4 He may flow 
through the superleak, and thus its chemical potential 
fi4 is the same in two boxes. Osmotic pressure of 3 He 
inside the left box is reduced, P osm < P3, due to the 
negative contribution P4 < of the background liquid 
4 He caused by interaction between liquid 4 He and 3 He 
atoms. 



Expanding P V ac(<7i) in <7i — qo one obtains: 

-Pvac(<7l) = 

• W i±q - £ V ac(<7o) + (?l - 9o) ( A* 



-Pvac(<7l) = M\ ~ evac(gi) 

de vac (q) 



dq qo 

1, x2 d2£ vac(g) 



<lti 



1/ N2 rf2e vac(<?) 

'77(91 - Qo) 



dq 2 



, (9) 



where we used ((3j), d3| and (|5|). Using ([6|) for qi — qo 
one obtains the following expression for the negative 
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contribution to the osmotic pressure due to the induced 
vacuum pressure: 

_1 r - '~ - 2 

^osmotic ~~ ^mat^-^vac -^mat ^X.vac 



de ma , t (n,q) 



dq 



where x vac is vacuum compressibility pQ: 



9=90 

(10) 



Xvac 



d 2 e vac {q) 
dq 2 



> 



(11) 



9=9o 



3. MAPPING TO DILUTE SOLUTION OF 3 HE 
IN SUPERFLUID 4 HE AT T = 

There is the following correspondence with the dilute 
solution of 3 He in superfluid 4 Hc at T = 0. Supcrfluid 
4 He represents the vacuum, and 3 He quasiparticles rep- 
resent matter living in the background of the superfluid 
4 He 'vacuum'. Thermal phonons which also represent 
'matter' are absent at T — 0. In typical experimental 
situation, the box which contains mixture is connected 
with pure liquid 4 He by the Vicor glass superleak, which 
is not penetrable by 3 He atoms, but superfluid 4 He may 
flow through the superleak (Fig. [T] bottom) . 

The role of the vacuum variable q is played by the 
particle density of 4 He atoms in pure superfluid 4 He and 
in mixture, q = 714. The vacuum chemical potential /x is 
equivalent to the chemical potential of 4 He, [i = /X4. ft 
is the same in pure He and in mixture, since supcrfluid 
4 He may flow through the superleak, /14 = constant. 
The vacuum energy density corresponds the energy den- 
sity of pure liquid 4 He, e vac (q) = e(n^ — 0, 114). The he- 
lium liquid obeys the same equation of state as relativis- 
tic quantum vacuum: e = — P, where e = 6-/^4774. This 
is the consequence of thermodynamic Gibbs-Duhem re- 
lation at T = 0, which is valid for any system, relativis- 
tic and non-relativistic. 

The matter density is played by the particle density 
of 3 He atoms in mixture, n = 713. The energy density 
of matter is determined as correction to the energy den- 
sity of the 'vacuum' when the 3 He atoms with density 713 
are added to liquid 4 He: e ma t(n, q) = e(i%3, 774) — 5(773 = 
0,n 4 ). The matter pressure P mat = P qua si P articics is de- 
termined as the pressure of the Fermi liquid (non-ideal 
Fermi gas) with the same parameters as the non-ideal 
Fermi gas of 3 He quasiparticles, i.e. with the same den- 
sity, effective mass and the other Fermi liquid param- 
eters. These parameters depend on the 'vacuum vari- 
able' 714, which in particular enters the energy spectrum 
of fermionic 3 He quasiparticles [4j [5] 



E(p,m) = £3(714) + 



P 



2m* (n.4) 



(12) 



It is assumed that the pure 4 Hc outside the superleak 
has zero pressure, though this assumption is not very 
important for measuring the osmotic pressure which is 
the difference between the inside and outside pressures. 
If the pressure of pure liquid 4 He outside is zero, then 
the pressure in the mixture Paternal = ^osmotic is os- 
motic pressure of 3 He. Using the above correspondence, 
the correction to the osmotic pressure due to the mod- 
ified pressure of superfluid 4 He in the mixture can be 
found from (I10|) , where the vacuum compressibility must 
be substituted by compressibility of pure superfluid 4 He, 

Xvac = X4 = nldn4,/dri4,. 

In the limit of small concentration, 713 — > 0, the main 
contribution to the induced 'vacuum pressure' in the 
rhs of (|10|) comes from the 'vacuum' dependence of the 
parameter £3(774) in the quasiparticle spectrum (112)) . 
Since in the dilute limit one has ^3(714) rj £3(774), one 
obtains 9e ma t(7i3, n/^jdn^ rj n^dE^/dn^ w n^d^/dn^. 
Then equation (fTU|) gives the following correction to the 
osmotic pressure at small concentrations of 3 He 



osmotic 



quasiparticles 



77§ (dfi^/dniY 

2 dfi^/dn^ 



n3 



> 0. 
(13) 

The reduction of the osmotic pressure in dilute solu- 
tions of 3 He in superfluid 4 He due to the modification 
of the superfluid background has been experimentally 
observed 00 IE]. 



4. DISCUSSION 

We discussed the phenomenon similar to the Casimir 
effect, in which the walls also induce the vacuum pres- 
sure. However, as distinct from the original Casimir 
effect where the vacuum pressure depends on the dimen- 
sion L of the box, Pcasimir oc L~ 4 , the vacuum pressure 
induced by matter is the bulk effect and does not de- 
pend on the size L of the box. This effect results from 
the interaction between the vacuum and matter and it 
dominates in the thermodynamic limit of the large vol- 
ume of the box. The interaction between the vacuum 
and matter occurs in particular due to the dependence 
of the parameters of Standard Model matter on the vac- 
uum variable q, for example via the ultra-violet cut-off 
which enters the running coupling constants. 

In the present Universe this effect is extremely small. 
Since the present atomic matter is very dilute compared 
to the vacuum, the interaction between matter and vac- 
uum produces only small perturbation of the vacuum 



state. The estimation gives P v , 



with 



E F y k if the vacuum variable has the Planck 



Xvac 

energy scale, or \ 



_Bq CD in case of gluon conden- 
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sate in quantum chromodynamics as a soft component of 
the vacuum substance with the characteristic QCD scale 
Eqcd [9J - However, the modified pressure of gluon con- 
densate may be considerable inside the neutron stars, 
where qde ma ,t/dq and 1/xvac are both determined by the 
QCD scale and may have the comparable magnitudes, 
qde mEl t/dq ~ 1/xvac ~ -Eqcd- ^ ma y a l so influence the 
models for the interior of black holes and black-hole can- 
didates pm [11] . In principle the vacuum density q may 
vanish in the center of the black hole singularity. 

The vacuum effect on the order of £mat/^pianck a P~ 
pears also in the nonequilibrium Universe, see e.g. [12] . 
Such effects were essential in the early Universe, and if 
for some reasons the vacuum energy was frozen at later 
evolution, this could give the reasonable estimate for 
the present magnitude of the vacuum energy and cos- 
mological constant A. The dependence of the matter 
energy density on the vacuum variable q which enters 
the induced vacuum pressure in (|10p , should appear at 
the temperature of the electroweak crossover T ew , where 
the emerging masses of elementary particles depend on 
q. The vacuum pressure estimated at this temperature 

IS P v &c ~ — e mat /-^Planck ~ — ^cw /-^Planck ■ Similar re- 

sults but from a different argumentation were obtained 
in Ref. [13], where it was demonstrated that the elec- 
troweak crossover necessarily generates the vacuum en- 
ergy density e vac = A ~ T* w / E^ Unck . This vacuum 
energy is comparable with the present value of the cos- 
mological constant A. If the freezing mechanism for the 
vacuum energy suggested in Ref. [13) is confirmed, this 
will support the theories where the dark energy is re- 
lated to the electroweak physics, such as in Ref. [T4"] . 

The analogous reduction of the osmotic pressure has 
been experimentally observed in the dilute solution of 
3 He in superfluid 4 He, where superfluid 4 He at T = 
plays the role of quantum vacuum, and 3 He atoms play 
the role of matter. The observed negative correction 
to the osmotic pressure is usually described in terms 
of the additional effective interaction between the 3 He 
fermionic quasiparticles, which is mediated by the back- 
ground superfluid He, e.g. by an exchange of the vir- 
tual 4 He excitations - phonons [23 [TBI 02] ■ However, 
in the considered case of matter in the background of 
relativistic quantum vacuum, introduction of the addi- 
tional interaction between the matter fields for the de- 
scription of the effect seems unreasonable. First, for the 
particular choice of the g-field in terms of the 4-form 
field [TJ [3], there is no propagating excitations of the 
g-field which can mediate the interaction, but the effect 
takes place. Second, the introduced interactions will be 
different for different species of matter and may be even 
non-local. 



It is more physical to describe the negative contri- 
bution to matter pressure in the general framework of 
the response of the quantum vacuum to perturbations. 
In the same manner the Casimir effect both in quan- 
tum vacuum and in condensed matter systems [181 119] 
is better described in terms of the properties of quan- 
tum vacuum rather than in terms of van der Waals or 
other forces between the matter fields. The Casimir ef- 
fect, when the walls perturb the quantum and thermal 
fluctuations, and the reduction of the matter pressure 
are just two different types of the response of the quan- 
tum vacuum. The other types of the perturbation of 
the quantum vacuum and the vacuum response to the 
perturbations are discussed in Refs. [HflfT]. 
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